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Type-Theoretical Semantics

❖Montague Semantics
❖ R. Montague (1930–1971)

❖ Dominating in linguistic semantics since 1970s

❖ Set-theoretic with Church’s simple type theory as intermediate lang

❖MTT-semantics: formal semantics in modern type theories

❖ Examples of MTTs:

❖ Predicative: MLTT (Martin-Löf 73,84); MLTTh (h-logic in HoTT)

❖ Impredicative: pCIC (Coq) and UTT (Luo 1994)

❖ Ranta (1994): formal semantics in Martin-Löf’s type theory

❖ Recent development on MTT-semantics 

➔ full-scale alternative to Montague semantics
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❖Recent development on rich typing in NL semantics

❖ Asher, Bekki, Cooper, Grudzińska, Retoré, … 

❖S. Chatzikyriakidis and Z. Luo (eds.) Modern Perspectives in 
Type Theoretical Sem. Springer, 2017. (Collection on rich 
typing & …)

❖ MTT-semantics is one of these developments.

❖Z. Luo. Formal Semantics in Modern Type Theories with 
Coercive Subtyping. Linguistics and Philosophy, 35(6). 2012.

❖S. Chatzikyriakidis and Z. Luo. Formal Semantics in Modern 
Type Theories.  Wiley/ISTE. (Monograph on MTT-semantics,   
to appear)
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Simple Type Theory v.s. Modern Type Theories 

❖Compare them from two aspects 

❖ Type structure

❖ Logic

❖Type structures

❖ Church’s simple type theory (in Montague’s semantics)
❖ Base types: e, t (plus s …) 

❖ Function types: → (e.g., e→e→t)

❖ Modern type theories (next page: example type constructor)
❖ Dependent types (-types, -types, …)

❖ Inductive types (Nat, Fin(n), …)

❖ Universes – types of types (logical, linguistic, …)

Note: MTTs are defined by proof-theoretic rules.
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x:A.B(x) – Example 

❖x:Human.Child(x) 

❖ Type of functions mapping h to Child(h), type of h’s children.

❖A→Prop (x:A.Prop)

❖ Type of predicates over A

❖-polymorphism

❖ small : A:CN.(A→Prop)

❖ small(Elephant) : Elephant→Prop

❖ small(Mouse) : Mouse→Prop

❖ small(Table) : Table→Prop

❖ … …
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Logic

❖Simple type theory

❖ Higher-order logic (traditional, truth-based)

❖ Formulae in t, predicates in e→t, … 

❖Modern type theories

❖ Propositions as types (with proof terms)

❖ Formula A is provable/true                                                
 there is a proof of A                                                   
 there is an object p : A

❖ So, decidability of type-checking is essential for the PaT logic 
(and other things like implementation of proof assistants). 
❖ Given p and A, it should be decidable whether p : A. 

❖ Note: this is different from A’s truth, which is in general undecidable. 
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History of MTTs and MTT-semantics

❖Modern (Dependent) Type Theories

❖ Russell (1903,1925) & Ramsay (1926) on simple type theory 
(for foundation of classical math)

❖ Martin-Lof (1973,1984) on predicative type theory (for 
constructive math; also cf., Feferman, Friedman, Myhill)

❖ Impredicative TTs: CC (Coquand 1987), UTT (Luo 1994), … 

❖ Applications of proof assistants (see next page)

❖MTT-semantics
❖ Sundholm (1986), Ranta (1994), Luo (1998,2009), Retore (2013), 

Chatzikyriakidis & Luo (2013,2016), Bekki (2014), Grudzinska (2017) …

❖ Recent development on MTT-semantics (last decade or so), 
some of which to be reported in these lectures.
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An episode: MTT-based technology and applications

❖Proof technology based on type theories

❖ Proof assistants – computer systems for formal reasoning
❖ MTT-based: ALF/Agda, Coq, Lego, NuPRL, Plastic, … 

❖ HOL-based: Isabelle, HOL, … 

❖Applications of proof assistants

❖ Math: formalisation of mathematics – eg, 
❖ 4-colour theorem (on map colouring) in Coq

❖ Kepler conjecture (on sphere packing) in Isabelle/HOL

❖ Computer Science: 
❖ program verification and advanced programming

❖ Computational Linguistics
 E.g., MTT-sem based NL reasoning in Coq 

(Chatzikyriakidis & Luo 2014)



Course Plan (Lectures I-V)

I. Introduction

❖ Course overview (ZL)

❖ Intro to Montague semantics and MTT-semantics (SC)

II. Features of MTT-sem and differences with MG (ZL)

❖ Rich type structure

❖ Powerful tools for semantic constructions

❖ Both model-theoretic and proof-theoretic

❖ Others (eg, judgemental interpretation and identity criteria)

III. Modification (SC)

❖ Adjectival modifications: basic and advanced

❖ Adverbial modification
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IV. Copredication (SC)

❖ Dot-types (A•B) for copredication

❖ Interaction with quantification (case involving counting) 

V. Dependent types in event semantics (ZL) 

❖ Dependent types in linguistic semantics in general

❖ Selection restriction in MTT-event semantics

❖ Dependent event types 
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❖Material to distribute (on course web site)

❖ Lecture slides by SC and ZL 

❖ Course proposal for this course (good summary)

❖Coming soon:

❖ S. Chatzikyriakidis and Z. Luo. Formal Semantics in Modern 
Type Theories.  Wiley/ISTE. (To finish 2019)

❖Some papers and material can be found at 

❖ http://www.cs.rhul.ac.uk/home/zhaohui/lexsem.html
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From Montague Semantics to MTT-semantics: A

Meaningful Comparison
Lecture 1.2: Introduction (given by SC)

Stergios Chatzikyriakidis and Zhaohui Luo

August 12, 2019



References

Introducing Montague (briefly) and MTTs

What are the main differences between MG and MTTs

To answer this, at least partly, we present a brief overview of
the respective systems, Montague’s IL and Luo’s MTT

Stergios Chatzikyriakidis and Zhaohui Luo ESSLLI2019 2/28
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The Syntax of IL: Types

Basic Types
1 t (truth-values)
2 e (individual entities)

Exponential Types

If a, b are types, then a → b is a type.

Intensional Types

If a is a type, then s → a is a type. (the type of the
intension of a)

Stergios Chatzikyriakidis and Zhaohui Luo ESSLLI2019 3/28
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The Syntax of IL: Types

The basic types t, e correspond to the sentences (denotations
of propositions) and the individual constants (the denotations
of proper names), respectively, in IL.

An exponential type a → b is the functional type whose
elements are functions from a to b.

intensional type s → a are functions from indices (possible
worlds) to denotations of the type a.
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A note on the typing system

This is not Church’s original type system

There are no intensional function types in Church’s system
From a TT point of view Montague’s system is a little bit
peculiar: two basic types as in Church (e, t correspond to ι, o
in Church)
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A note on the typing system

This is not Church’s original type system

There are no intensional function types in Church’s system
From a TT point of view Montague’s system is a little bit
peculiar: two basic types as in Church (e, t correspond to ι, o
in Church)

But: an extra type s (type of world,time pairs) which is only
used in functions (does not exist as a basic type)
Later reformulation by Gallin [1975] introduces s as a basic
type (and in general it is a neater system (see Muskens, 1996
for a discussion and justification)
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The Set MEa of Well Formed Expressions of Type a

1 Every variable of type a is in MEa.

2 Every constant of type a is in MEa.

3 If α ∈ MEa and u is a variable in MEb, then λuα ∈ MEa→b.

4 If α ∈ MEa→b and β ∈ MEa, then α(β) ∈ MEb.

5 If α, β ∈ MEa, then α = β ∈ MEt .
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The Set MEa of Well Formed Expressions of Type a

If φ,ψ ∈ MEt , then so are
1 ¬φ
2 φ ∨ ψ
3 φ ∧ ψ
4 φ→ ψ
5 φ↔ ψ.

If φ ∈ MEt and u is a variable in MEa, then ∀uφ and
∃uφ ∈ MEt .

If φ ∈ MEt , then ∈ MEt .

If α ∈ MEa, then
∧α ∈ MEs→a

If α ∈ MEs→a, then
∨α ∈ MEa

Stergios Chatzikyriakidis and Zhaohui Luo ESSLLI2019 7/28
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The Semantics of IL: Models

A model M = {A,W ,F} for IL is an ordered triple such that
A and W are non empty sets (of entities and possible worlds,
respectively).

For each type a of IL, F is a function from the non-logical
constants of MEa to interpretations of these constants.

For each constant c ∈ MEa F (c) is a function fc :W → Da,
where Da is the domain of possible denotations for expressions
of type a.
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The Set of Domains of Type a

Each non-logical constant of type a has a domain of possible
denotations Da.

The set of these domains is defined recursively as follows.

1 De = A
2 Dt = 0, 1
3 Da→b = Db

Da

4 Ds→a = Da
W
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The Interpretation Function JαKM,w ,g

Let g be an assignment function such that for any variable
x ∈ a of IL, g(x) ∈ Da.

For a model M of IL, assume w ∈ W .

The expression JαKM,w ,g denotes the evaluation of α in a
model M, relative to a world w and an assignment function g .

Stergios Chatzikyriakidis and Zhaohui Luo ESSLLI2019 10/28
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The Semantic Rules of IL

1 If α is a non-logical constant, then Jα KM,w ,g = (F(α))(w).

2 If α is a variable, then JαKM,w ,g = g(α).

3 If α ∈ MEa and u is a variable of type b, then Jλu.αKM,w ,g =
h:Db → Da such that for any d ∈ Db, h(d) = JαKM,w ,g [d/u].

4 If α ∈ ME<a,b> and β ∈ ME<b>, then Jα(β)KM,w ,g =
JαKM,w ,g (JβKM,w ,g ).

5 If α, β ∈ MEa, then Jα = βKM,w ,g = 1 iff JαKM,w ,g =
JβKM,w ,g .
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The Semantic Rules of IL

1 If φ ∈ MEt , then J¬φKM,w ,g = 1 iff JφKM,w ,g = 0.

2 If φ,ψ ∈ MEt , then Jφ ∨ ψKM,w ,g = 1 iff JφKM,w ,g = 1, or
JψKM,w ,g = 1.

3 If φ,ψ ∈ MEt , then Jφ ∧ ψKM,w ,g = 1 iff JφKM,w ,g= 1, and
JψKM,w ,g = 1.

4 If φ,ψ ∈ MEt , then Jφ→ ψKM,w ,g = 1 iff JφKM,w ,g = 0, or
JψKM,w ,g = 1.

5 If φ,ψ ∈ MEt , then Jφ↔ ψKM,w ,g = 1 iff JφKM,w ,g =
JψKM,w ,g .
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The Semantic Rules of IL

1 If φ ∈ MEt and u is a variable of type b, then J∀uφKM,w ,g =
1 iff for all d ∈ Db, JφKM,w ,g [d/u]= 1.

2 If φ ∈ MEt and u is a variable of type b, then J∃uφKM,w ,g =
1 iff for some d ∈ Db, JφKM,w ,g [d/u] = 1.

3 If φ ∈ MEt , then J¬φKM,w ,g = 1 iff for all w ∈ W , JφKM,w ,g

= 1.

4 If α ∈ MEa, then J∧αKM,w ,g = h:W → Da such that for every
w ∈ W , h(w) = JαKM,w ,g

5 If α ∈ MEs → a, then J∨αKM,w ,g = (JαKM,w ,g )(w).
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MG: Summary

1 A higher order logic based on Simple Type Theory (STT)

1 Very simple (monolithing) typing system in the style of Church
(with the addition of type s appearing only in function types)

1 Set-theoretic interpretation via Henkin models
2 Further equipped with intensional notions via Kripkean models

(intensionality)

1 Very powerful model-theoretic semantics!
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MTTs and linguistic semantics

Starts with the seminal work by Ranta Ranta [1994] and
earlier (e.g. Sundholm Sundholm [1989])
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MTTs and linguistic semantics

Starts with the seminal work by Ranta Ranta [1994] and
earlier (e.g. Sundholm Sundholm [1989])

Many more after that Boldini [2000], Cooper [2005], Dapoigny
and Barlatier [2009], Bekki [2014], Retoré [2013]
How they are useful and in what ways they are different from
STT?

Stergios Chatzikyriakidis and Zhaohui Luo ESSLLI2019 15/28
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Basic Types: Rich Typing

In STT, the domain of individuals is monolithic, i.e. one basic
entity type
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Basic Types: Rich Typing

In STT, the domain of individuals is monolithic, i.e. one basic
entity type

Function types for different types of individuals, e.g. man,
human are not basic types but function types

In MTTs, no such restriction exists: the universe of entities
can be many-sorted

Arbitrary number of types available, e.g. man, chair :Type (this
is the approach by Ranta, Boldini, Luo and colleagues among
others)
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Basic Types: Rich Typing

Many-sortedness
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Basic Types: Rich Typing

Many-sortedness

Allows us interpret common nouns are not predicates but
Types!
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Basic Types: Rich Typing

Many-sortedness

Allows us interpret common nouns are not predicates but
Types!

MG man : e → t

MTTs man : Type

Hybrid systems: use both predicates and types when needed
(Retoré [2013], e.g. man as both a predicate and a type)
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References

Basic Types: Rich Typing

Selectional restrictions as type mismatch: the ham sandwich
talks
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Basic Types: Rich Typing

Selectional restrictions as type mismatch: the ham sandwich
talks

talk : human → Prop
the ham : ham (with ham : Type)
Functional application not possible!
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Subtyping

Rich selection of types
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Subtyping

Rich selection of types

Subtyping mechanism becomes more essential: otherwise the
system becomes too rigid
Even things like the man walks would not be possible with no
subtyping mechanism
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Subtyping

Rich selection of types

Subtyping mechanism becomes more essential: otherwise the
system becomes too rigid
Even things like the man walks would not be possible with no
subtyping mechanism

walk : animal → Prop

the man : man (with man:Type)
Fine if man ≤ human

Stergios Chatzikyriakidis and Zhaohui Luo ESSLLI2019 19/28



References

Different Systems of Subtyping

Classic case: Subsumptive subtyping

a:A,A ≤ B

a:B

a term of type A can be used in a context where a term of
type B is required instead just in case A ≤ B
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Different Systems of Subtyping

Coercive subtyping (Luo and colleagues)
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Can be seen as an abbreviation mechanism
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Different Systems of Subtyping

Coercive subtyping (Luo and colleagues)
Can be seen as an abbreviation mechanism

A is a (proper) subtype of B (A < B) if there is a unique
implicit coercion c from type A to type B

An object a of type A can be used in any context CB [ ] that
expects an object of type B: CB [a] is legal (well-typed) and
equal to CB [c(a)].

Stergios Chatzikyriakidis and Zhaohui Luo ESSLLI2019 21/28



References

Different Systems of Subtyping

Coercive subtyping (Luo and colleagues)
Can be seen as an abbreviation mechanism

A is a (proper) subtype of B (A < B) if there is a unique
implicit coercion c from type A to type B

An object a of type A can be used in any context CB [ ] that
expects an object of type B: CB [a] is legal (well-typed) and
equal to CB [c(a)].

Metatheoretically more advantageous: canonicity is respected

Long story!
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Dependent Typing

STT involves basic types and function types constructed out
of the basic types

Stergios Chatzikyriakidis and Zhaohui Luo ESSLLI2019 22/28



References

Dependent Typing
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MTTs offer a range of other more advanced typing structures
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Dependent Typing

STT involves basic types and function types constructed out
of the basic types

MTTs offer a range of other more advanced typing structures

Dependent Typing

A family of types that may depend on some value

Stergios Chatzikyriakidis and Zhaohui Luo ESSLLI2019 22/28
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Complex Types and Dependent Typing

Dependent Types Π and Σ
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Complex Types and Dependent Typing

Dependent Types Π and Σ

When A is a type and P is a predicate over A, Πx :A.P(x) is
the dependent function type that stands for the universally
quantified proposition ∀x :A.P(x)
Π for polymorphic typing: ΠA:CN .(A → Prop) → (A → Prop)
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Complex Types and Dependent Typing

Dependent Types Π and Σ

When A is a type and P is a predicate over A, Πx :A.P(x) is
the dependent function type that stands for the universally
quantified proposition ∀x :A.P(x)
Π for polymorphic typing: ΠA:CN .(A → Prop) → (A → Prop)
A is a type and B is an A-indexed family of types, then
Σx :A.B(x), is a type, consisting of pairs (a, b) such that a is
of type A and b is of type B(a).
Adjectival modification as involving Σ types Ranta [1994],
Chatzikyriakidis and Luo [2017]:
[[heavy book ]] = Σx : book .heavy(x)
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Intro to MTTs-Universes

Universes

A universe is a collection of (the names of) types into a type
(Martin Löf, 1984).
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Intro to MTTs-Universes

Universes

A universe is a collection of (the names of) types into a type
(Martin Löf, 1984).
Universes can help semantic representations. For example, one
may use the universe cn : Type of all common noun
interpretations and, for each type A that interprets a common
noun, there is a name A in cn. For example,

man : cn and Tcn(man) = man.

In practice, we do not distinguish a type in cn and its name by
omitting the overlines and the operator Tcn by simply writing,
for instance, man : CN .
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We can construct more fine-grained universes.
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Intro to MTTs-Universes

We can construct more fine-grained universes.

For example, one may want to have a type that extends over
the universe including type human and its subtypes

Such a universe can be constructed, by giving its introduction
rules

mayor , student... : cnH

A : cnH

A : cn

Stergios Chatzikyriakidis and Zhaohui Luo ESSLLI2019 25/28
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Contexts

Context in type theory is a formal notion
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Contexts

Context in type theory is a formal notion

Various way of thinking about contexts

List of variable declarations, where variables stand for proofs
of the corresponding assumptions
A sequence of type judgements
Formally, a context is an expression of the form:

Γ = x1 : A1, x2 : A2(x1), . . . , xn : An(x1, . . . , xn−1)

A series of types, and a series of proof objects for these types
Any type may depend on any of the previous proof objects

They have been used instead of possible worlds for belief
intensionality [Ranta, 1994, Chatzikyriakidis and Luo, 2013]

A belief context is a collection of some agent’s belief (prone to
hyperintensional problems, more in lecture 3)
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Anaphora

Anaphora using dependent typing [Ranta, 1994, Boldini, 2000,
Chatzikyriakidis and Luo, 2014a]
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Anaphora

Anaphora using dependent typing [Ranta, 1994, Boldini, 2000,
Chatzikyriakidis and Luo, 2014a]

Consider the following:
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Anaphora using dependent typing [Ranta, 1994, Boldini, 2000,
Chatzikyriakidis and Luo, 2014a]

Consider the following:

A farmer owns a donkey. He loves it.

Following the end of the first sentence, we have:
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Anaphora

Anaphora using dependent typing [Ranta, 1994, Boldini, 2000,
Chatzikyriakidis and Luo, 2014a]

Consider the following:

A farmer owns a donkey. He loves it.

Following the end of the first sentence, we have:

x1 : (Σx : Farmer)(Σy : Donkey)(own(x , y))

The pronouns pick variables already declared using the
projection operators (π1 and π2)

x2 : (love(π1(x1), π1(π2(x1))

Extra reading for people interested: use of signatures. Very
informally: more elaborate mechanism than contexts
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Recapping: some differences

Single sorted vs a many-sorted type system

Dependent typing not available in STT, and thus also IL

Rich typing and other elaborate mechanisms (contexts,
disjoint union types, universes)

Proof-theoretic specification (supporting effective reasoning)

Work on formalizing MTT semantics in proof-assistants

See Chatzikyriakidis and Luo [2014b, 2016]
Github for a couple of small libraries for NL semantics in Coq
(https://github.com/StergiosCha/CoqNL)
The webpage from the FraCoq and DFraCoq systems
https://github.com/GU-CLASP/FraCoq
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